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Abstract. We propose an extension to the two-step structural estimation frame-
work for auction data introduced by Guerre et al. (2000). Traditionally, this tech-
nique relies on kernel estimators to approximate the distribution and density of
observed bids, which are then used to infer the latent prior distribution over bid-
ders’ types. However, kernel-based methods suffer from statistical limitations,
often leading to biased estimations in real-world applications. To address these
challenges, we reformulate the estimation problem as an optimal transport task
between the observed bids and a proxy equilibrium model. This approach enables
analytical evaluation of the bid distribution and density, improving estimation
accuracy. Through numerical experiments on experimental auction data, our es-
timator consistently outperforms established techniques in terms of Wasserstein
distance, demonstrating its robustness and applicability.
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1 Introduction

In many real-world settings, the allocation of goods, resources, and services from sellers
to buyers is facilitated through auctions. These mechanisms are widely used across
diverse economic sectors, from art and flower auctions to multi-billion dollar markets
such as online advertisement auctions or crowdsourcing contests. A fundamental question
in auction theory is how to maximize the auctioneer’s expected revenue or minimize their
expected costs in procurement settings. The design of these markets relies on information
about bidders, which is often unobservable or only partially known.

For instance, Liu et al. (2014) showed that in crowdsourcing platforms, where users
compete for prizes by submitting answers to questions, the quality of submissions
strongly depends on selecting the optimal prize structure.1 However, determining this
structure requires knowledge of the contestants’ ability levels. Similarly, search engines
allocate slots for sponsored links based on bids for specific keywords in sponsored search
auctions. A field experiment by Ostrovsky & Schwarz (2023) demonstrated that setting
optimal reserve prices can substantially increase revenue in these markets. However,

1 A crowdsourcing contest can be described as a multi-unit all-pay auction.
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choosing these prices requires knowledge of bidders’ valuations to obtain a slot, which
is typically unknown to the auctioneer.

In auction theory, private information is modeled as a prior distribution over bidders’
types, such as their valuations, costs, or ability levels. The Wilson doctrine posits that
practical applications should minimize reliance on common knowledge assumptions
(Wilson 1985). In the context of auctions, the prior distribution is assumed to be common
knowledge among participants but inaccessible to the designers of such markets. Thus,
research on structural estimation in auctions seeks to develop methods for recovering
this latent information from the observed bidding behavior (Hickman et al. 2012).

Existing methods rely on strong assumptions and can be categorized as parametric
or non-parametric methods. Traditional parametric approaches require knowledge of
the analytical equilibrium strategies, which are only available for a small number of
standard single-object auctions (Donald & Paarsch 1996). Moreover, they assume that the
parametric form of the latent distribution is known ex-ante, which is rarely the case with
field data. Conversely, deriving a non-parametric estimator is challenging (Shakhgildyan
2022), and resulting techniques are restricted to a specific auction mechanism.

Guerre et al. (2000) (GPV) introduced a two-step estimation framework to recover
the prior distribution in First-Price Sealed Bid (FPSB) auctions, which serves as the
foundation for subsequent non-parametric estimators in this domain. Their key insight is
that the valuations can be expressed as a function of the number of bidders, the observed
bids, their distribution, and density. However, since auctioneers only observe bids and the
number of participants, the density and distribution must be estimated. Kernel estimators
are commonly used for this purpose, but they suffer from several statistical limitations
(Härdle 2004). These methods require large datasets to ensure estimation accuracy, which
are often unavailable in real-world applications. Moreover, their predictive performance
is highly sensitive to the choice of kernel type and bandwidth parameter, and they often
exhibit bias near the boundaries of the support.

We propose an extension to the GPV framework that eliminates reliance on kernel es-
timators, making it more flexible and practical for real-world applications. Our approach
reformulates the estimation problem as an optimal transport task between observed bids
and a proxy equilibrium model, drawing from the optimal transport and equilibrium
learning literature. This allows for the analytical evaluation of the density and distribu-
tion via the optimal transportation map between the proxy model and observed bids. To
achieve this, we employ equilibrium learning techniques (Bichler et al. 2021) to solve
the equilibrium problem in the proxy model in settings where an analytical equilibrium
is unavailable.

We evaluate our approach using two experimental datasets and compare its perfor-
mance against the GPV framework and the extension of Hickman & Hubbard (2015) that
impose boundary correction methods on the kernel estimator. Our analysis shows that
the proposed estimator consistently outperforms the kernel-based techniques in Wasser-
stein distance across all datasets. This demonstrates its robustness and applicability in
real-world scenarios.



1.1 Contribution

Our study advances the literature on structural estimation techniques in auctions. The
contributions of this paper are as follows: First, we introduce our extension of the GPV
framework that eliminates the need for kernel-based estimation procedures, making it
significantly more flexible than existing techniques. Second, we conduct a numerical
analysis comparing our estimator to established methods and find that our approach con-
sistently outperforms them. The following paragraphs elaborate on these contributions
in more detail.

The proposed estimator Established structural estimation techniques face several chal-
lenges. Parametric approaches require the auctioneer to impose a parametric assumption
on the latent structure, which is often infeasible in real-world settings. Additionally,
these techniques rely on knowledge of an analytical equilibrium strategy, which is often
unavailable in closed form. On the other hand, non-parametric estimators are difficult
to derive and specifically tailored to a particular auction setting. Additionally, existing
approaches rely on complex non-parametric models to represent the distributions, which
face statistical challenges like bias at the boundaries of the support, noisy observations,
and limited data availability. Our estimator directly addresses these issues, making it
more versatile in realistic environments.

Our key observation is that in single-item auctions, where the prior distribution is
univariate, the density and distribution of the observed bids can be described using a
proxy equilibrium model that is independent of the equilibrium problem bidders face
in the data-generating process. The optimal transport map between observed bids and
those induced in the equilibrium problem is then given by a monotonic function. Using
its inverse, we can assess the distribution of the observed bids directly via the known
distribution in the proxy model. This approach allows us to compute pseudo-valuations
in the two-step estimation framework by Guerre et al. (2000). We can then construct
a transport map between the prior distribution in the proxy model and the pseudo-
valuations, enabling us to directly evaluate the density and distribution of the latent prior
distribution to compute comparative statics.

In the proxy model, we solve an equilibrium problem. Analytical derivations of
closed-form bidding strategies are only available for simple models (Krishna 2009). We
employ equilibrium learning techniques to approximate equilibria in games instead of
deriving them analytically (see Section 2.2).

Numerical analysis We conduct a numerical analysis on two different experimental
datasets, where the prior distribution is known, to compare the performance of our
framework against the existing methods. Our results demonstrate that our technique
consistently outperforms the kernel-based techniques across all datasets in terms of
the Wasserstein-2 distance. This superior performance translates into better-informed
managerial decisions based on the estimation results. To assess the impact on auction
design, we simulated how optimal reserve prices derived from each prior model influence
the auctioneer’s expected revenue. In both datasets, our method yields reserve prices that
generate the highest revenue gains.



1.2 Organization

This paper is structured as follows. We begin with a brief overview of the related literature
on structural estimation and equilibrium learning. Next, we introduce the notation and
present our estimation framework. We then describe the numerical analysis used to
compare the performance of our approach in recovering the latent prior distribution
against the kernel-based estimators from the literature. Finally, we conclude the article
by summarizing our findings and discussing their managerial implications.

2 Related work

Our study contributes to the literature on structural estimation in auctions. The following
section provides a brief overview. Additionally, since we leverage equilibrium learning
techniques to approximate equilibria in these games, we also review relevant research in
this area.

2.1 Structural Estimation in Auctions

Research on structural estimation focuses on developing methods to recover the latent
structures of an econometric model from a set of observables (Manski et al. 1981).
Since auction rules inherently define the data-generating process, these mechanisms are
well-suited for structural estimation techniques. Considerable research was dedicated to
developing methods to estimate the primitives of auctions to explain observed bidding
behavior. These methods span a spectrum, with parametric approaches at one end and
non-parametric estimators at the other. Most studies focus thereby on recovering the
prior value distribution describing the bidders’ types.

Parametric approaches assume that the auctioneer knows the shape of the latent
structure but not its actual realization. By imposing a parametric model on this structure,
the estimation task reduces to recovering the data-generating parameters. One of the
earliest examples in this domain is the method proposed by Donald & Paarsch (1996),
who assume that in a FPSB auction, the family of the prior distribution is known, but its
parametrization is not. They develop a maximum likelihood estimator to infer these pa-
rameters using the observed bids and the number of participants. However, this approach
requires knowledge of the analytical equilibrium strategy and its inverse. Computing
the analytical equilibrium for arbitrary prior distributions is, even under the assumption
of symmetric, risk-neutral bidders, often infeasible (Cai & Papadimitriou 2014). This
computational burden, coupled with the challenge of correctly specifying the underly-
ing distributional family in real-world settings, significantly limits the applicability of
parametric approaches.

In contrast, non-parametric approaches neither rely on a parametric assumption
nor require knowledge of the analytical equilibrium. Instead, they estimate the latent
structure - specifically, the prior distribution - using flexible models such as kernel-density
estimators. In their seminal work, Guerre et al. (2000) proposed a two-step estimation
framework for non-parametrically recovering the data-generating prior distribution. Their
key idea is to leverage the first-order condition of the expected utility to express the



valuations as a function of bids, their distribution, and the number of bidders. The first
step involves estimating the bid distribution non-parametrically using kernel-density
estimators. This estimate is then used to derive pseudo-valuations, which ultimately
allow for the non-parametric estimation of the value distribution.

Kernel-density estimators are prone to bias near the boundaries of the support, which
can impact the estimation performance in recovering the latent distribution. Guerre et al.
(2000) address this issue by trimming observations near the boundaries to improve kernel
performance. However, trimming reduces the effective sample size in both estimation
stages and undermines the performance of standard bandwidth selection methods. To
overcome this, Hickman & Hubbard (2015) apply a boundary correction technique
originally proposed by Zhang et al. (1999), which mitigates boundary bias without
discarding data and allows for the use of conventional bandwidth rules. Their numerical
analysis demonstrates that this leads to more robust estimations of the framework by
Guerre et al. (2000). However, these estimators require large amounts of data to produce
accurate estimates. This is often not the case in real-world scenarios, where the number
of observations is restricted, or datasets are truncated (Hickman et al. 2012), indicating
that the applicability of this technique in the field is limited.

The approach by Guerre et al. (2000) is restricted to FPSB auctions with symmetric,
risk-neutral bidders, where the auctioneer knows the number of participants ex-ante.
These assumptions are often too restrictive in practice, and thus, research developed
extensions to mitigate this issue. Li et al. (2002) considered a model with affiliated price
values rather than independent bidder types, while Flambard & Perrigne (2006) extended
the framework to settings with bidders that are asymmetric in their types. A common
practice to increase the auctioneer’s expected revenue is to set reserve prices, which
was covered by Li & Perrigne (2003). Laboratory experiments in auctions indicate that
bidders frequently overbid their risk-neutral equilibrium strategy, where one explanation
is that bidders are risk-averse (Cox et al. 1985, 1988). Although models that consider
estimating the prior distribution and a risk-averse utility simultaneously are not identified
(Campo et al. 2011), Campo et al. (2011) and Lu & Perrigne (2008), among others,
developed strategies to achieve this with additional information about the observed
behavior. Furthermore, Shakhgildyan (2022) extended the approach to multi-unit all-pay
auctions, accommodating both risk-neutral and risk-averse bidders under independent
and affiliated private values.

Unlike existing approaches, our estimator imposes fewer restrictive assumptions,
making it more flexible. Since we focus on scenarios where the bidders’ types and
bids are univariate random variables, we can express the transportation map between
the proxy equilibrium and the observed bids analytically. In contrast to kernel-based
estimators, our approach eliminates the need for extensive hyperparameter tuning, which
would otherwise introduce a bias in the estimation. This, in turn, enhances managerial
decisions based on the approximated latent structure, as inaccurate estimates of the
data-generating process could lead to economically detrimental decisions, such as a
lower expected revenue of the auctioneer.



2.2 Equilibrium Learning

As mentioned previously, deriving an analytical equilibrium is generally infeasible for
arbitrary auctions, and equilibrium strategies are only known for a few standard auctions.
Advances in the field of equilibrium learning allow for the numerical approximation
of game equilibria instead. Broadly speaking, these techniques find an approximate
equilibrium through an iterative process of adaption by learning the dynamics of the
game as opposed to solving the underlying system of differential equations (Fudenberg
& Levine 1998). Most research in this area focuses on computing Nash equilibria in
finite, complete-information games. Examples include the class of best or better response
dynamics (Abreu & Rubinstein 1988, Fudenberg & Levine 1998), as well as regret
minimization algorithms (Hart & Mas-Colell 2000, Bowling 2004).

Auctions are Bayesian games with continuous types and actions where these methods
cannot be applied. However, there exist algorithms that intentionally were developed
to find approximate equilibria in these types of games. Bichler, Fichtl & Oberlechner
(2023) introduced a method that computes the Nash equilibrium in the approximate
game, which is a discretized version of the original Bayesian game. They further show
that if the procedure converges to an equilibrium in this approximate game, then it is an
approximation of the equilibrium in the continuous game. Similarly, Bichler et al. (2021)
proposed Neural Pseudo Gradient Ascent (NPGA) where they represent the strategies
as neural networks and iteratively optimize their parameters by following the gradient
dynamics of the game using simultaneous gradient ascent. Numerical experiments
demonstrate that both algorithms approximate equilibria with small errors in settings
where an analytical equilibrium is known. Moreover, they also found equilibira in settings
where an analytical derivation was intractable (Bichler, Kohring & Heidekrüger 2023,
Bichler, Kohring, Oberlechner & Pieroth 2023, Bichler, Gupta, Mathews & Oberlechner
2023).

Despite their empirical success, it is yet unknown whether and under which circum-
stances these techniques converge to an equilibrium. For the special case of first-price
and all-pay auctions, Ahunbay & Bichler (2025) established ex-ante guarantees under
which no-regret learners converge to an equilibrium. The technique by Bichler, Fichtl
& Oberlechner (2023) satisfies the criteria of such a learner. Nonetheless, by placing a
grid over the type and action spaces and assessing whether deviating from the current
strategy improves the expected payoff of a bidder, both methods can numerically verify
that they found an approximate equilibrium. The error is determined by the utility loss,
which we explain in detail in Section 3.1. We will leverage NPGA as the equilibrium
learning technique to represent the equilibrium oracle in our numerical analysis.

3 Estimation Framework

The following section first provides an overview of the notation and definitions used.
It then introduces the identification strategy for recovering latent distributions from
observed bidding data in single-item auctions.



3.1 Preliminaries

An auction is a Bayesian game Γ = (N,F,V,A, u). N ∈ N is the number of risk
neutral bidders, and [N ] = {n ∈ N|n ≤ N} is the set of players. We use i ∈ [N ]
to index a specific bidder and −i to denote all bidders except i. Prior to the auction,
the players have common knowledge of a joint prior distribution F over the set of
type profiles V = ×i∈[N ]Vi, with density f . We assume independent-private-values.
This study considers the type as the valuation for a specific item. Meanwhile, our
framework also applies to other games, such as procurement auctions or contests, where
the type describes the costs of exerting an effort. After observing their private types by
drawing from this prior distribution, each bidder i determines their bid bi ∈ Ai, with
A = ×i∈[N ]Ai, using a bid function βi : Vi → Ai. As common in the literature on
auctions, we assume that β is strictly monotonically increasing in the type. We denote
the inverse bid function of player i as β−1

i : Ai → Vi. After the bidders submit their
bids to the auctioneer, they observe their utility ui : Vi ×A → R given the current bid
profile b = (b1, . . . , bN ) and their type vi. In this article, we focus on the ϵ−Bayes Nash
Equilibrium (ϵ−BNE) as the solution concept for this game.

Definition 1. An ex-intem ϵ−BNE of a game Γ is a strategy profile β⋆ = (β⋆
1 , . . . , β

⋆
N ),

in which none of the players can unilaterally deviate from their current strategy to
improve their expected utility by more than ϵ:

Ev−i∼F (ui(vi, βi(vi), β
⋆
−i(v−i)))− Ev−i∼F (ui(vi, β

⋆
i (vi), β

⋆
−i(v−i)))

≤ ϵ ∀βi,∀i ∈ [N ]
(1)

As mentioned in the previous section, we can numerically verify that NPGA has
found an ϵ−BNE if it converged. The following metric is the relative ex-ante utility loss,
which quantifies the relative error of the approximated BNE to the best response. We
found an exact BNE if the best response corresponds to the found strategy profile.

Definition 2. (Bichler et al. 2021) For a batch of type samples vi with size nbatch, the
relative ex-ante utility loss L̂i(βi) for player i is given by

L̂i(βi) = 1− ûi(β)

ûi(β) + l̂i(β)
, (2)

where ûi(β) is the approximated utility, given the current strategy profile β, and l̂i(β) is
an estimator for ϵ = maxi l̂i and given by

l̂i(β) =
1

nbatch

∑
vi

max
w

λi(vi, bw, β). (3)

λi is the expected gain in utility of bidder i if they deviate from their current strategy βi to
the alternative action b′, where the valuations of the remaining player are conditionally
dependent on vi:

λi(vi, b
′, β) =

1

nbatch

∑
v−i|vi

(ui(vi, b
′, β−i(v−i))− ui(vi, βi(vi), β−i(v−i)) (4)



Identificaton Structural estimation techniques in auctions seek to recover the primitives
that lead to observed bidding behavior. Thus, we distinguish between the set of observ-
ables O, which includes all information that is directly available, and the latent structure
S, which encompasses all information inaccessible to the auctioneer. For example, an
auctioneer has access to a dataset D = {(bi,t), [N ]}Tt=1 that records the bids submitted
by the player i at time t and the set of players [N ]; this dataset is part of the observables
O. In contrast, the corresponding valuations, expressed by the prior distribution, consti-
tute the latent structure S = (F ). Whether such a structure can be inferred solely from
the observables using a structural estimation technique depends on its identifiability.

Definition 3. A latent structure S can be identified by an observable O if there does not
exist a different structure S′ that induces the same observables under the rules defined
in the underlying game Γ :

S
Γ−→ OS ̸= OS′

Γ←− S′ ∀S′ ̸= S (5)

We can tailor this general definition to the example mentioned above. If we are
only interested in recovering the prior distribution F , the set of observables is given
by the empirical distribution of the submitted bids G with density g and the number of
participants N .2 Thus, identification is given if there does not exist a different distribution
F ′ with density f ′ leading to the same bid distribution. Since we assume monotonicity
of the equilibrium bid functions, we can express the density of the bids g in terms of the
value density f and the bid function β using the change-of-variables formula. This leads
to the following definition of identification:

g(b) = f(β−1
f (b))

∣∣∣∣ ddbβ−1
f (b)

∣∣∣∣ ̸= f ′(β−1
f ′ (b))

∣∣∣∣ ddbβ−1
f ′ (b)

∣∣∣∣ = g′(b) ∀f ′ ̸= f (6)

Assuming that identification holds, this definition implies that it is sufficient to find a
prior model f that induces an equilibrium bid distribution that matches the observed bids
under the given auction rules. However, it remains necessary to validate this assumption
for specific settings.

In the next section, we propose a new estimation framework that recovers latent
structures from observables, given that the identification assumption is met. We quantify
the similarity between two probability measures using the Wasserstein-p distance.

Definition 4. (Villani et al. 2009) For two probability measures µ and ν, the Wasserstein-
p distance Wp on a Polish space (X , d) with p ∈ [1,∞) is given by

Wp(µ, ν) =

(
inf

J∈J (µ,ν)

∫
X
d(x, y)pdJ(x, y)

) 1
p

(7)

Intuitively speaking, this metric determines the minimal costs to solve the underlying
optimal transport problem between the two measures, i.e., it finds the optimal coupling

2 We assume that agents are risk-neutral. If this assumption is not applicable, then the utility
parameters must also be considered either in the set of observables, if they are known, or in
the latent structure. The support of the type and bid distributions implicitly defines the type
and action spaces.



J of the set of all possible couplings J , which determines how much mass from µ has
to be moved to recover ν. There exists a closed form solution to this problem if µ and ν
are univariate probability distributions P and Q, and d is given by the p-norm (Vallender
1974):

Wp(P,Q) =

(∫ 1

0

∣∣P−1(z)−Q−1(z)
∣∣p dz) 1

p

(8)

P−1 and Q−1 are the quantile functions of the distributions P and Q. In our numerical
experiments, we leverage the Wasserstein-2 distance.

3.2 Recovering Latent Distributions from Bidding Data

This section introduces the estimation framework for recovering a latent structure S from
the set of observables O in single-item auctions. In an auction, bidders face the following
equilibrium problem. Given a prior distribution F ∗, bidders select their bids according
to the equilibrium bid function β∗, inducing a bid distribution G∗ with density g∗. While
the realization of F ∗ is common knowledge among the bidders, it is inaccessible to
the auctioneer. Thus, we assume that O encompasses all information characterizing the
bidding behavior, except for the prior distribution F ∗, which constitutes the latent struc-
ture (S = (F )). Furthermore, we assume that bidders are ex-ante symmetric. Thus, the
observables are defined as O = (N,M,D), N is the number of bidders, M is the under-
lying mechanism, and D is a dataset that contains the observed bids from all participants.

Since the prior distribution F ∗ is unknown, the corresponding bid function β∗ is
also inaccessible to the auctioneer. Consequently, it is infeasible to directly compute the
value distribution from the bid distribution. Instead, Guerre et al. (2000) leveraged the
first-order condition of the expected utility to express valuations as a function ζ, which
depends on the observed bids b, number of bidders N , the density g∗, and distribution
G∗ of bids in the FPSB auction:

v = ζ(b,N, g∗, G∗) = b+
1

N − 1

G∗(b)

g∗(b)
(9)

The dataset only contains a finite number of bids, and thus, it is necessary to estimate G∗

and g∗. Instead of using kernel methods, we propose using a proxy equilibrium model to
estimate those.

Definition 5. Let F be an atomless distribution with density f and let β denote the BNE
strategy under F , which maps to a bid distribution G with density g. Notably, this proxy
equilibrium is entirely independent of the data-generating model.

Under the monotonicity assumption of the bid function, the BNE strategy acts as a
push-forward measure from the value distribution to the bid distribution, which we
denote as G = β#F in the following. This formulation allows us to evaluate G and g
using the inverse bid function β−1 and the prior distribution F in this proxy model.

Given the distribution of the bids in the proxy model, we can compute the optimal
transport map T , which defines a push-forward measure from the proxy model to the
observed bid distribution, i.e., G∗ = T#G. Since we focus on univariate distributions,



one transportation plan is given by T (b) = (G∗−1(G(b)) (Villani et al. 2009). As before,
this formulation allows us to express the density g∗ and distribution G∗ of observed bids
in terms of the proxy model’s density g and distribution G. Furthermore, we combine
both transport maps into a single transformation, enabling us to directly evaluate g∗ and
G∗ from f and F :

G∗ = T#G = T#β#F
(10)

We leverage this relation to compute pseudo-values for each bid in the datasets using
Equations (9). This, in turn, allows us to define another transport map Tv between the
prior in the proxy model and the data-generating value distributions expressed by the
pseudo-values, i.e., Tv(v) = (F ∗−1(F (v)). This mapping enables the computation of
comparative statistics, like the optimal reserve price in an auction. In our numerical ex-
periments, we employ neural networks to smoothly interpolate all transportation maps.3

4 Numerical Analysis

We apply our estimation framework to laboratory datasets, where the prior distribution
is defined by the underlying experimental design. This setup allows us to evaluate the
performance of our approach (OTGPV) and compare it to the GPV framework and
its boundary corrected variant introduced by Hickman & Hubbard (2015) (BCGPV).
Performance is assessed along two dimensions. First, we compare the Wasserstein
distance between the experimental prior distribution and the distributions produced by the
estimation methods. Second, knowledge of the prior distribution enables the auctioneer to
compute the optimal reserve price to maximize their expected revenue. Accordingly, we
evaluate how the estimation affects the calculation of the reserve price and the resulting
revenue of the auctioneer. The settings consist of FPSB auctions, in which the prior
distribution is non-parametrically identified from the bid distribution (Guerre et al. 2000).

We base our numerical analysis on two datasets kindly provided by the original
authors, which we briefly describe below. In all experiments, the prior distribution was a
Uniform distribution. For consistency, we scaled the support of these distributions, along
with their corresponding bids, to the interval [0, 1] without loss of generality.

In our proxy model, we assume a Uniform distribution over [0, 0.5]. This ensures nu-
merical stability even with small sample sizes. We tested other models like Beta and Gaus-
sian distributions, but due to the sparse observations near their support boundaries, they
yielded slightly poorer results. Increasing the sample size would improve performance.

Data by Ockenfels & Selten (2005) The first dataset contains the two-player FPSB
auction data generated by Ockenfels & Selten (2005) (Ock). The experiment included
two treatments: a No-Feedback (NF) treatment, where bidders only received information
about their own bids, and a Feedback (F) treatment, where all bids were made public.
There were eight groups of six people per treatment, with each participant taking part
in 140 auctions under random matching within the groups. Bidding was restricted to
prevent participants from submitting bids exceeding their valuations.

3 We tested various network structures, and the approximation of these functions are robust. This
indicates that optimizing the networks is less extensive than for kernel estimators.



Table 1. The Wasserstein-2 distance between the estimated and true value distributions for the
different approaches. The rows under the OTGPV column indicate whether we used the analytical
equilibrium or NPGA.

Dataset GPV BCGPV
OTGPV

Analytical NPGA
Kag 0.08 0.05 0.04 0.06
Ock (F) 2.74 1.69 0.10 0.18
Ock (NF) 2.60 2.37 0.13 0.17

Data by Kagel & Levin (1993) The second dataset describes the bidding data of the
cross-over treatment in the experiment conducted by Kagel & Levin (1993) (Kag). In this
experiment, two groups of five bidders first participated in two five-player FPSB auctions,
followed by a single ten-player auction. Our dataset includes only the five-player auction
data, so we focus exclusively on this setting. The bidding behavior was restricted by an
initial budget provided to the participants, which they could use throughout all auctions.
All bid-value pairs were announced after each auction round. Unfortunately, the dataset
does not specify how many subjects participated in this experiment.

4.1 Results

We present the results of our numerical analysis in the following subsection. Thereby,
we first provide an overview of the identification results. Subsequently, we discuss the
implications for setting the optimal reserve price based on these estimates.

Table 1 compares the Wasserstein-2 distances of the estimated distributions to the
data-generating distribution. While all methods achieve low Wasserstein distances in
the Kag dataset, the kernel-based estimators yield significantly higher distances in the
Ock dataset, implying that kernel based methods not only suffer from problems at the
supports boundaries but are also prone to biased estimates due to the high variance. This
suggests that our approach remains robust even in scenarios where participants exhibit
higher variance in their bidding behavior. The table further indicates no significant
difference in using the analytical bid function and NPGA to determine the equilibrium
bid function. The small discrepancies are likely due to numerical instabilities in NPGA,
which could be mitigated by increasing the sample size and the number of learning
iterations. Notably, the utility losses were low in all experiments (smaller than 0.02).

Table 2 reports the resulting relative gain in expected revenue for the auctioneer when
we compute the optimal reserve price using the approximated distribution. The results re-
flect the accuracy of the recovered distributions: While in the Kag dataset all approaches
yield a reserve that does not increase the expected revenue significantly, the kernel-based
estimators fail to determine an effective price that increases the expected revenue in the
Ock datasets. In fact, it even leads to a reserve price that refrains all bidders from partic-
ipating in the auction, leading to an expected revenue of 0.00. Conversely, our estimator
yields a reserve price that significantly increases the auctioneers’ expected revenue.



Table 2. Relative expected revenue gains from setting the optimal reserve price based on the
estimated distributions. The rows under the OTGPV column indicate whether we used the analytical
equilibrium or NPGA.

Dataset GPV BCGPV
OTGPV

Analytical NPGA
Kag 1.01 1.01 1.00 1.00
Ock (F) 0.00 0.00 1.18 1.18
Ock (NF) 0.00 0.00 1.20 1.20

5 Conclusion

In this study, we proposed an extension to the two-step estimation framework by Guerre
et al. (2000) for identifying the prior distribution from observables in auctions under the
identification assumption. The core idea is to eliminate reliance on kernel estimators to
express the density and distribution of the bids. Instead, we determine the optimal trans-
port maps between the observed bid distribution and a proxy equilibrium model, which
enables us to analytically evaluate their density and distribution. We employ equilibrium
learning techniques to approximate BNE strategies in settings where it is infeasible to de-
rive the equilibrium analytically. Our numerical analysis demonstrates that these design
choices significantly improve the applicability compared to kernel-based approaches.

Despite these promising results, our study has two key limitations. First, our nu-
merical analysis is based on two experimental datasets that describe FPSB auctions,
where the prior distribution is uniform. Since we were not able to acquire more realistic
datasets, future research should investigate the quality of our estimation framework in
other datasets based on field data rather than only laboratory bidding behavior. Second,
although laboratory experiments in auctions suggest that bidders tend to overbid the
predicted risk-neutral equilibrium strategy, we assumed that bidders are risk-neutral.
This could explain the higher variance in bidding behavior observed in the dataset by
Ockenfels & Selten (2005). Future research should investigate the effects of setting a
reserve price by considering behavioral motives like risk aversion. However, this would
require more information about the risk preferences and the utilities of the bidders.

As the number of studies assessing structural estimation techniques in laboratory en-
vironments is very limited, our findings offer valuable insights for auction designers and
policymakers. By eliminating the reliance on kernel estimators, our approach provides
a more robust and flexible framework for estimating bidders’ private values. This has
direct implications for auction design. For instance, improved estimation of the prior
distribution allows auctioneers to set more accurate reserve prices, reducing the risk of
inefficient allocations or lost revenue due to mispricing.
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